A physics-based fractional-order Maxwell resistive capacitor (FOMRC) model is proposed to characterize nonlinear hysteresis and creep behaviors of a piezoelectric actuator (PEA). The Maxwell resistive capacitor (MRC) model is interpreted physically in the electric domain for PEAs. Based on this interpretation, the MRC model is modified to directly describe the relationship between the input voltage and the output displacement of a PEA. Then a procedure is developed to identify the parameters of the MRC model. This procedure is capable of being carried out using the measured input and output of a PEA only. A fractional-order dynamics is integrated into the MRC model to describe the effect of creep, as well as the detachment of hysteresis loops caused by creep. Moreover, the inverse FOMRC model is constructed to compensate for hysteresis and creep in an open-loop positioning application of PEAs. Simulation and experiments are carried out to validate the proposed model. The PEA compensated by the inverse FOMRC model shows an excellent linear behavior.
Introduction
Positioning stages based on piezoelectric actuators (PEAs) are widely used in high-precision positioning and tracking applications, e.g., atomic force microscopy, scanning tunneling microscopy, and diamond turning machines. These actuators have high stiffness, fast frequency response, and high resolution. A PEA can be driven by either voltage or current. When driven by voltage, it comes with the disadvantage of having to cope up with nonlinearities, mainly hysteresis and creep.
For PEAs, hysteresis is a nonlinearity that the output displacement depends on a combination of the currently applied voltage as well as on some past values of the applied voltage. Herein, hysteresis represents the rate-independent memory effect. However, the observed hysteresis in PEAs shows a rate-dependent phenomenon as it is always coupled with the creep effect at low frequencies and the dynamic effect at high frequencies. Hysteresis can lead to large positioning errors in piezo positioners which are operated over relatively long displacement ranges. Hysteresis is more pronounced over longer operating ranges and can be minimized by operating a PEA in a linear range by keeping the amplitude of the applied voltage signal as small as possible. Lowering the frequency of the reference signal can reduce the coupling effects from the rate-dependent dynamics. Creep can be seen as a slow drift in the PEA displacement after responding to a sudden change in the input voltage. Creep affects absolute positioning of a PEA and is more prominent in slow and static applications. The rate and amount of creep strongly depend on the piezoelectric material. A large voltage step will produce a rapid displacement followed by a slow creeping motion, which can last several minutes. For some input voltage profiles, one can also observe simultaneous influence of hysteresis and creep on displacement responses. Operating a PEA fast enough and over a shorter duration of time can help reduce the drifting caused by the creep effect. Hysteresis and creep, together, can lead to inaccuracy in the open-loop control and instability in the closed-loop control [1] .
Recently, the Spacecraft Dynamics Control and Navigation Laboratory (SDCNLab) at York University has worked with a Canadian company to develop a 2D imaging spectrometer, which provides 2D multispectral mappings for atmospheric science, meteorology and planetary mineralogy. This spectrometer employs multiple piezoelectric actuators to provide spectral tuning of the desired optical signal transmittance by selecting the gap spacing of a tunable optical filter. For this application, the requirements on the positioning of PEAs are extremely high, i.e. in the nanometer level.
One effective way to cancel hysteresis and/or creep is to construct a model that is capable of describing the nonlinearity in a PEA and then preshape the input voltage based on the model. In the open literature, Preisach [2] [3] [4] and Prandtl-Ishlinskii [5] [6] [7] [8] [9] [10] [11] operators are widely used to model the hysteresis in PEAs. Both operators belong to the class of operators with a Preisach memory and are essentially a mathematical description of observed hysteresis in smart materials. The effects of dynamic loading have to be considered separately. Goldfarb and Celanovic proposed an electromechanical model for PEAs by introducing the Maxwell-slip friction model into electric domain, which is referred to as the Maxwell resistive capacitor (MRC) model [12, 13] . This electromechanical model is completely based on physical principles and consists of an electric and a mechanical domain, as well as the energy transfer between two domains. These hysteresis models are quasi-static and well suited for rate-independent hysteresis. The observed hysteresis in PEAs shows a rate-dependent feature that is due to dynamic behavior and/or creep. The creep effect also influences PEA positioning accuracy. To cope with creep, the linear time-invariant creep model [5, 9] and logarithmic creep model [4, 6-8, 10, 11] are introduced into the hysteresis model. Both models are a phenomenological approach and give little insight into the physical principles. In [14] , the authors proposed a fractional-order creep model, based on observed fractional-order dynamics in dielectric materials [15] .
In this paper, a fractional-order Maxwell resistive capacitor (FOMRC) model is proposed by integrating the fractional-order creep into the MRC model to characterize the coupling effects of hysteresis and creep, such as the rate-dependent phenomenon and detachment of hysteresis loops. Firstly, a detailed physical interpretation of the MRC model is given for PEAs. Based on this interpretation, the MRC model is modified to map a PEA's voltage-displacement property directly. Then the fractional-order creep is integrated into the modified MRC model to further improve the model performance in slow and static applications. An identification procedure of the MRC model parameters, which is capable to be carried out only using measured input and output of a PEA, is developed. The FOMRC model is used to compensate for the nonlinearities in a PEA inversely and its validation is demonstrated by hardware experiments. This paper is organized as follows. In section 2, the FOMRC model is proposed. A parameter identification procedure is developed in section 3. Experimental tests on the FOMRC model and the inverse compensation are shown in section 4. Section 5 concludes this paper.
Physical model
In this section, a physical model for a PEA is formulated. The Maxwell model in the mechanical domain, referred to as the Maxwell-slip friction model, is reviewed and its interpretation in the electric domain, referred to as the Maxwell resistive capacitor (MRC) model, is given. Then, the fractional-order creep is integrated into the MRC model to characterize the creep phenomenon. Hereafter, the new model is referred to as the fractional-order Maxwell resistive capacitance (FOMRC) model.
Maxwell-slip friction model in the mechanical domain
The Maxwell-slip friction model, which was also called the parallel-series Iwan model [16] , is widely used to describe the pre-sliding friction [17] [18] [19] [20] . It was initially formulated by the mathematician and physicist James C Maxwell in the mid-1800s [12] . This model is formed by putting n spring-slider elements in parallel, each of which consists of a linear spring with stiffness k i in series with a Coulomb friction block having a breakaway force f i (see figure 1) . The constitutive behavior of the Maxwell-slip friction model can be described bẏ
where x is the input displacement, F is the output force, and k i , x i , and f i = µ i N i are the spring stiffness, block position, and breakaway force of the ith spring-slider element, respectively. The idea of this model is as follows. When the displacement increases or decreases continuously, the gain between the force and the displacement changes piecewise linearly, which is used to fit the nonlinear gain between the input and output in the hysteresis loop. The sliding elements come to stick when the movement changes direction, which is used to characterize the sudden switch of the gain at the endpoint of the hysteresis loop. More details can be found in [17] [18] [19] [20] [21] [22] [23] .
MRC model in the electric domain
Goldfarb and Celanovic [12, 13] proposed an electromechanical model for PEAs by introducing the Maxwell model into the electric domain. Their model consists of an electric and a mechanical domain, as well as the energy transfer between the two domains, see figure 2 . The equation describing the mechanical part is
where x is the displacement, m, c, and k are the effective mass, damping, and stiffness of a PEA, and F T and F ext are forces transduced from the electric domain and imposed from the external mechanical load. The electromechanical transformer is governed by
where u T is the voltage applied to the transformer and q T is the charge on it, and T F and T q are electromechanical transformation ratios from voltage to force and from displacement to charge. In [12, 13, [21] [22] [23] , these two transfer ratios were not distinguished from each other. However, as they actually have different physical interpretations, it is better to represent them by two different variables [24] , even when they have the same value (which may rarely happen). The total applied voltage and charge are calculated as
where C is the PEA's capacity and u mrc is the voltage across the MRC block. Hysteresis herein lies solely in the electric domain between u mrc and q, which is described by the MRC modelq This electromechanical model is completely based on physical principles. Goldfarb and Celanovic gave a general interpretation arising from molecular dipoles in [13] , but not in detail. The detailed interpretation here is as follows.
Even after poling, the orientations of the molecular (cell) dipoles that constitute the ceramic are not aligned perfectly [25] , see figure 3(a). When an electric field is applied to a group of unit cells with the same orientation (Weiss domains), it results in two effects: surface generation of electric charge, which causes internal generation of a mechanical strain, and alignment of the domain orientation with the field, see figure 3 It is assumed that the excitation signal changes slowly and, then, the derivative parts in equation (3) can be neglected. With the absence of external force, equation (3) becomes
By using equations (4)- (7), one obtains
where T q T F /k is the electrical equivalent of the mechanical stiffness k and T e = Ck/T F + T q is the effective displacement to charge electromechanical transfer ratio. This equation represents the PEA's capacitive effect. Compared with figure 5,
By treating the effect as an additive voltage-limited capacitor with infinite saturated voltage, as stated above, equation (10) becomes
Equations (12)- (14) are quite useful as the input is voltage applied to a PEA and the output is the output displacement. Thus, the data collected from a PEA positioning system can be used directly. Therefore, the modified MRC model under slow signal assumption is summarized aṡ
where
In this model, the actual transfer ratios need not be known and the parameters, κ i and u S,i , which characterize this model, can be identified from a single set of input and output signals. figure 6(b) . This suggests that the creep and nonlinear gains can be modeled separately. Physically, the nonlinear gain is caused by hysteresis and modeled by the MRC model. In this section, the fractional-order integrator is introduced into the MRC model to characterize creep, as well as rate-dependent hysteresis and detachment of hysteresis loops.
Fractional-order creep model.
Physically, creep is caused by a gradual change of dipoles. It can be interpreted as follows. As stated in section 2.2, when a sudden change occurs in the electric field, two effects follow: surface generation of electric charge which causes internal generation of a mechanical strain, and alignment of the domain orientation with the field. The first effect results in a rapid change of the PEA dimensions. The second effect does not remain when the external electric field is kept at the same level. The domain orientation changes back to the original direction slowly, which results in the surface charge increasing slowly. Thus, the displacement of the PEA experiences a slow drift after a sudden change. This can also explain why creep is reduced by utilizing charge control [26, 27] : the surface charge is maintained to be constant when the input charge from the pump source stays at the same level, even if the domain orientation changes.
The slow change of the domain orientation is caused by the memory effect, which is appropriate to be modeled as a fractional-order system [28] . A fractional-order integrator (with the order between 0 and 1) causes a drift, which is ideal to describe the creep phenomenon. The smaller the order, the slower the creep motion will be. In fact, the dielectric materials are not ideal resistors or capacitances. They exhibit a fractional behavior yielding electric impedances of the form 1/[(jw) α C F ] with α ∈ R + [15, 29] . In [14] the PEA is modeled as resistocaptance [30] -an element whose property is between the resistor and the capacitance-to characterize its creep. Herein, the creep is described by a fractionalorder system, with the constitutive equation described by [14, 28, 30] 
where the element is pure conductance with K = G S for α = 1, and pure capacitor with K = C F for α = 0. Provided that a PEA is relaxed at t = 0, the relationship between the input charge q and the driving voltage u in the s-domain can be described by
More details on this can be found in [28, 31, 32] .
Integrated model for creep and hysteresis.
Considering the slow drift of the domain orientations, the voltage-limited capacitors and ideal capacitor in figure 5 are replaced by resistocaptances. That is to say that the linear relationship between charge and voltage in equation (16) is replaced by the fractional-order dynamics in equation (18) . Then, one obtains the FOMRC model aṡ
Based on the analysis in section 2.3.1, it is assumed that the fractional dynamics of all the elements are of the same order, i.e. α 1 = α 2 = · · · = α n+1 = α. Noting that when a voltage-limited capacitor is unsaturated, its charge change rate equals that of the total network, i.e.q i =q if |u i | ≤ u S,i , then one can obtain thaṫ
where m is the number of saturated elements. For a sufficient small time duration t, equation (23) can be approximated by
which further yields to
The right-hand term implies that the change of voltage is distributed on these unsaturated elements inversely proportional to the gain K i . Noting that the (n + 1)th element is never saturated, the equation is further simplified as
This equation indicates that the hysteresis and creep in a PEA can be modeled separately. The FOMRC model now is simple and easy to be implemented: first calculating the applied voltage distribution based on the MRC model and then computing the charge on the last element based on fractional-order integrator. 
Parameter identification and optimization
In this section, the routine for parameter identification is given, including the data collection, initial parameter calculation, and the parameter optimization.
Data collection
Before the data are collected, an initial routine is applied first to drive all the elements to zero position. The input of this initial routine is a stepwise amplitude-decreased signal, as given by
where u max is the maximum input applied on the PEA, t f is the initial routine end time, and k 1 , k 2 , and t 1 are the designed parameters satisfying that k 1 , k 2 > 0 and k 1 = k 2 (a max −k 1 t 1 ). After this initial routine, the PEA is in the relaxed state. This initial routine solves the uncertainty of internal states of the MRC model and fills the initial relaxed state requirement of the fractional-order system. Figure 7 shows the PEA's zero input responses with and without the initial routine. Without applying the initial routine, the initial internal states are not zero, then the fractional-order dynamics causes a slow drift in the displacement. As the initial internal states are unknown and random, the drift is different for each run and unpredictable. However, with the initial routine, the drift reduces greatly. The effect of the initial routine can also be seen from the hysteresis loop, as shown in figure 8 . Without the initial routine, the nonzero internal states cause that the initial increase curve (the red thick line) is not from the origin, whereas with the initial routine this curve initiates from the origin.
Then a triangular excitation and a staircase input with stepwise decreasing amplitude are applied to the PEA. The input and output data are collected at a sampling rate of 1 kHz and are shown in figure 9 . The triangular signal has the slope of 1 V s −1 , at which speed the effects of mechanical resonance and creep can be ignored. The initial rising curve, the bold line in figure 9 (a), generated by this signal is used to calculate the initial parameters of the MRC model. For the staircase input, each step is with an amplitude of 0.25 V and lasts for 3 s. The response of this type of signal couples effects of both hysteresis and creep. Thus it is used for parameter optimization of the FOMRC model.
Parameter calculation and optimization
The initial MRC parameters are calculated from a piecewise linear fit of the initial rising curve with n + 1 linear elements [12, 13, 22] . This can be done by fitting the initial rising curve, the bold line in figure 9(a) , by a polynomial function, u = p(x), with an appropriate degree. Divide the interval [0, x max ] into n equally spaced segments, with the length of each segment equaling to x = x max /n. Then one has
(b) If the transfer ratios and the effective capacitance of the PEA are provided, κ n+1 can be calculated and, then, κ i , i = 1, 2, . . . , n, are obtained. Unfortunately, these transfer ratios are seldom provided by the manufacturer and the effective capacitance provided is measured under small-signal values [25] , which is different from that used in the MRC model. What is worse, is that it is difficult to measure these parameters for some commercially available PEAs. In this paper, κ n+1 is approximated from dp dx (x max ), i.e. 1 κ n+1 ≈ dp dx (x max ). The saturated voltages u S,i are calculated from
As the (n+1)th element never saturates, u S,n+1 is selected as a fixed sufficient large voltage.
In this application, the following five-order polynomial function is used to fit the initial rising curve. Then, by setting n = 10, κ i and U S,i are calculated from equations (29) and (30), respectively.
The initial fractional-order is identified using the doublelogarithmic creep model [14] from step response. Based on the double-logarithmic creep model and with the unit step input, the output displacement satisfies
which can be rewritten as
where t c = 0.1 s is the time from which the effect of the mechanical resonance can be ignored. Then the fractional-order α can be estimated with the least square method. Details can be found in [14] . These parameters are then optimized by solving the following minimization problem
where N is the number of samples, and FOMRC refers to the FOMRC model operator. As stated previously, the response to the staircase like signal contains effects of hysteresis and creep. So the input voltage and output displacement of a staircase excitation, see figure 9 (b), is served as the source data for optimization. A Simulink model is built to simulate the FOMRC model operator. Then the MATLAB function fmincon is used to search for the optimal parameters with the initial parameters calculated above. All the unknown parameters are involved. The identified fractional-order is 0.015 and other parameters are given in table 1.
Experimental results and discussion

Experimental setup
Experiments are conducted with the piezo nanopositioner PI-753.1CD Physik Instrumente. It is integrated with a capacitive sensor driven by an E-625 piezo controller. The data acquisition and control card is PCI-6289 from National Instruments Corporation, with 18-bit A/D channels and 16-bit D/A channels. Figure 10 shows the experimental system located at SDCNLab of York University. Experiments are carried out by using Simulink and xPC Target at room temperature. The program is compiled on the host computer, and then downloaded to the target computer and runs in real-time environment.
Model validation
Firstly, a set of step signals with different amplitudes are applied. The simulated and measured results are shown in figure 11 . The normalized root mean square error value (NRMSE), calculated as a ratio of the root mean square error to the measured displacement at 60 s, is given in table 2. The NRMSE errors range from 0.43% to 2.28%, which is slightly more accurate than the high-order model proposed in [33] . In [23] , Yeh et al provided the result with the error less than 0.3% in the case of a 200 V step response. However, the model is very complicated with 38 parameters. Meanwhile, results with different input amplitudes cannot be found in that paper. Thus, the FOMRC model can characterize effects of both nonlinear gain and creep. The hysteresis is usually modeled as rate-independent. However, the observed hysteresis behaviors in PEAs have a rate-dependent feature. To show this, the PEA is excited by triangular excitations with decreasing amplitude and different slopes. From the experimental results in figure 12(a) , one can notice that as the slopes of the input signal increase, the hysteresis loop not only gets shorter and wider, but also tends to rotate clockwise as a whole. Meanwhile, from the zoom-in plot in figure 12(c) , one can also notice that the minor hysteresis loop detaches from the major one. Both phenomena are caused by the coupling effects of hysteresis and creep. They cannot be described by only quasi-static elements, such as play operator [5] [6] [7] [8] [9] [10] [11] or MRC element [12, 13, 21] . By introducing the fractional-order integrator dynamics, the FOMRC model can describe both phenomena, as shown in figures 12(b) and (d). The error histories with respect to normalized time (by the real time divided by the period of the first circle of the triangular signal) are shown in figure 13 . More results for similar signals but with different voltage change rates are given in table 3. The NRMSE of the model is very small, even for rapid changes of displacement by noting that the displacement change rate approximates 1.2 µm s −1 if the rate of input is 1.0 V s −1 . These results show that the FOMRC model is robust to the voltage change rate. For the staircase input, both creep and hysteresis effects exist. The comparison between experimental and simulated results is shown in figure 14 . The model is still able to closely match the actual PEA's output response. According to the error response shown in figure 14(b) , except for the transience occurring shortly at the beginning of each step, the maximum error is about 0.05 µm, with NRMSE as 0.29%.
Compensation for hysteresis and creep
Equations (20)- (22) (15)- (17) . If the desired displacement is served as input, the output voltage of each element is calculated directly based on equations (20) and (21) and, then, the total output voltage is given by equation (22) . In other words, the inverse FOMRC model is constructed directly, without any iterations.
The hysteresis and creep are compensated for by using the inverse FOMRC model. Figure 15 shows the results with different strategies. It can be seen that the compensated PEA follows the desired position closely. The NRMSE is reduced from 5.04% in the uncompensated case to 0.36% in the compensated case. The input-output character of the compensated PEA with excitation of a triangular signal of decreasing amplitude is shown in figure 16 . An excellent linear result can be observed in figure 16 . The nonlinear error amounts to only 0.65%, reduced from 12.06% in the uncompensated case.
Discussion
The MRC model and the fractional-order dynamics can capture the rate-independent hysteresis and creep, respectively. By integrating them, the FOMRC model is able to simultaneously capture both phenomena and their coupling effects, i.e. rate-dependent hysteresis phenomenon and detachment of hysteresis loops. This has been verified through experiments. However, as the high-frequency dynamics, such as the mechanical resonance and the amplifier behavior, is ignored, the FOMRC model can hardly capture the dynamics at high frequencies. Fortunately, high-frequency dynamics can be modeled separately using a linear system, which is outside the scope of this paper. As the inverse FOMRC model can be constructed directly, it is quite suitable for compensation for creep and hysteresis in the open-loop application. As the creep is a long-term effect, it can be well compensated by feedback techniques. Thus, for the closed-loop application, the FOMRC model has little or no advantage over the MRC model. Actually, compared to the MRC model, the FOMRC model results in a higher computational burden.
Conclusion
In this paper, a fractional-order Maxwell resistive capacitor model is proposed to simultaneously characterize the creep and hysteresis. This model is obtained by integrating the fractional-order creep into the Maxwell resistive capacitor model. The physical interpretation of the Maxwell resistive capacitor model in the electric domain is given in detail, based on which the physical model for the PEA is modified and the associated identification procedure is developed. The proposed model is examined by sufficient experimental tests and the experimental results show that it is able to characterize the rate-dependent hysteresis, the detachment of hysteresis loops, and the creep. This model is robust to the rate change of the input. Moreover, an inverse model is built based on the fractional-order Maxwell resistive capacitor model for the open-loop control application. With this inverse model compensation, experiments show that the nonlinear displacement error has been reduced to 0.65%, compared to 12.06% in the uncompensated case.
